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Abstract

A two resistance mass transfer model for multi component batch adsorption process has been developed including an external film mass
transfer coefficient and an internal effective diffusivity that controls the internal mass transport process. The model is based on the shrinking
core formulation. The developed model is more generalized, can accommodate wide range of initial adsorbate concentration in feed and
the nature of the isotherm. The model is tested for two binary systems reported in the literature [Chem. Eng. Sci. 36 (1981) 731]. The model
equations are solved numerically and optimized using nonlinear parameter estimation technique in order to match with the experimental
kinetic data [Chem. Eng. Sci. 36 (1981) 731]. In this procedure, the process parameters, i.e. the external mass transfer coefficient and
internal effective diffusivity are determined for a particular system. Using the estimated parameters, a parametric study has been carried
out to observe the effects of initial adsorbate concentration, particle size of adsorbent, mass of adsorbent, etc. on the system kinetics.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction To develop a mathematical model that describes the multi-

component adsorption dynamics, following information are
Adsorption is an important unit operation in a number of generally required:

natural and industrial systems such as, fundamental biolog-
ical studies, separation and purification processes, recovery(i) @ complete description of equilibrium behavior, i.e.
of chemical compounds, catalysis and waste treatment pro-  the maximum level of adsorption attained in a sor-
cesses. It can substitute other separation processes and con- bent/sorbate system as a function of the sorbate liquid
tribute effectively for removal of pollutants from aqueous phase concentration;
solution. (i) a mathematical representation of associated rate of ad-
The interactions and competitions between sorbates and ~ sorption, which is controlled by the resistances within
sorbent in the system complicate the adsorption process. the sorbent particles.
However, an efficient, accurate and cost effective design
should account for the effects associated with the multicom-
ponent adsorptiof?]. Adsorption studies in agitated finite
batch adsorbers yield important equilibrium and kinetic data
useful for further fixed bed studies and for the prediction
of industrial adsorber performance. The adsorber design is
based on extensive pilot plant scale experim@iBl]t,swhich

In adsorption, mainly two resistances prevail—the exter-
nal liquid film resistance and the resistance in the adsorbent
particle. The intraparticle diffusion resistance may be ne-
glected for solutes those exhibit strong solid to liquid phase
equilibrium solute distribution, in the initial period of opera-
tion. However, even for such systems, the above assumption
leads to errors which are substantial beyond the first few

: diti | der t iimate th ters f Sinutes if the agitation is higid]. So both the resistances
system conditions. In order to estimate the parameters for_ important for the kinetic studg,6].

W|derk9p<atrat|qg conc.jmzns, mathematical modeling of pro- The external liquid film resistance is characterized by the
CESS KInetics 1S required. external liquid film mass transfer coefficieft). The mass
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fax: 491-3222-255303. pore diffusion[7,8] or homogeneous solid diffusion process
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Nomenclature

a;, a;j Freundlich isotherm constants

b;, b;;, b;;  Freundlich isotherm constants

Coi initial liquid phase concentration of
ith species (mmol/l)

Ceir equilibrium concentration
of ith species at timé (mmol/l)

Ci; liquid phase concentration of
ith species at timé (mmol/l)

Dpi effective diffusion coefficient of
ith species in adsorbent ¢/s)

ks; liquid phase mass transfer coefficient
ith species (m/s)

Koi Langmuir isotherm constant

K; Redlich—Peterson isotherm constant

N total number of components in the
mixture

N; (1) adsorption rate ofth species at
time t (mmol/s)

R adsorbent particle radius (m)

Rs; radius of concentration front due
to ith species (m)

t time (s)

\Y, volume of batch reactor (I)

W weight of the adsorbent (g)

Ye solid phase concentration at a particul
time (mg/g or mmol/g)

Yit average solid phase concentration of
ith species at timé (mmol/g)

Y Langmuir isotherm constant

Greek letters

Niy Bi Redlich—Peterson isotherm constants

0 adsorbent density (g/cth

Dimensionless terms

Biot number ofith species

liquid phase concentration dth
species at any time

equilibrium liquid phase concentration
capacity factor foiith species

distance from center of the patrticle,
O<r<l1

equilibrium solid phase concentration
dimensionless time

initial
component in the mixture
at time,t

non-dimensional

The pore diffusion model outlined in this paper is based
on the unreacted shrinking core modtel,12] with pseudo
steady-state approximation. This model has mostly been ap-
plied to gas—solid noncatalytic reactiogfd], but a number
of liquid—solid reactions also have been analyzed using this
model[13,14] The assumptions made in this model are as
follows:

() the effective diffusivity in the adsorbent is independent
of concentration;
(ii) pseudo steady-state approximation is valid;
(iii) the driving force in both film and particle mass transfer
is linear;
(iv) the adsorbent particles are spherical and uniform.

The adsorption kinetic model based on this approach for
single solute system is available in literat{8$. The major
limitation of this model8] is that it is specific to the nature
of isotherm. This means that the model available in literature
is most suitable for Langmuir type isotherm, i.e. formation
of a monolayer of adsorbate on the adsorbent. Besides, this
model is only applicable for higher initial adsorbate con-
centration in solution so that the batch process operating
line intercepts the concentration invariant zone of isotherm.
For example, for Astrazone blue—silica system, the litera-
ture model is applicable fofy >> 200 mg/I[8]. Moreover,
this model is for a single solute system. The present model,
which is more generalized, overcomes the above limitations.
The model proposed herein, can be applied to wide ranges
of initial adsorbate concentrations for all possible nature of
isotherms and it is applicable for a multicomponent system
containingN number of solutes. The developed model is
tested for a binary system available in literat[itk The sys-
tems reported are: (i) adsorption judra-nitrophenol (PNP)
and para-chlorophenol (PCP) on B10I activated carljah
and (ii) adsorption of 2,4-dichlorophenol and dodecyl ben-
zene sulfonic acid on B10Il activated carbidn.

2. Theory

The formulation of mathematical modeling considers both
the equilibrium and kinetics for each componeiitih a
system ofN number of components. The different types of
multicomponent adsorptions are presented below.

Langmuir isotherm

_ Y5 Cei
1+ Zﬁi’vio,-Cei

Redlich—Peterson isotherm
_ Y5Cei

1+ 321 Ki(Cai/ni)F

Freundlich isotherm

.. (bi-+bii)

Yo =5 - S 3
Cei +aij2j=1 Cej,l FJ

Yei 1)

()

Yei
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2.1. Adsorption kinetics CombiningEgs. (4) and (6and after non-dimensionalization,
the following expression is resulted:

The following rate equations are developed considering dri _Bi: Dwi(Cor / 0Yeit (CF — C*
the spherical adsorbent particles. <d—rl> _ ZBiiDpi(Coi/p azt)( L~ Cen) (12)
The mass transfer from external liquid phase to the ad- t Dyp1r
sorbent for théth species can be written as CombiningEgs. (7) and (83ind after non-dimensionalization
Ni(1) = 47 R?K¢;(Cit — Cait) (4) the following expression is obtained:
. . . . . L, . dCf'; 3 dYeit 2 d}"i
The diffusion in pore liquid as per Fick’s law can be written g +Ch;(1—r; )d— = 3Ch;Yeitry e (23)
as forith species T T t
47t Dpi Ceit The derivative dgi/dr is obtained from the equilibrium
Ni(t) = (5) relationship. For an example, a Freundlich type of isotherm

[(L/Rsi) = (1/R)] is considered. However, the same approach can be used for
The mass balance on a spherical element of adsorbent parany other isotherms.

ticle can be written as Differentiating Eq. (3) with respect tor, the following
5 dRy; expression of #t/dt is obtained:
N;i(t) = —47 Rt Yeirp [T} (6) -
dYer  ai(bi + biDCE™ " dCei

i i it- T b NN bij
;I;;e é;elsverage concentration on adsorbent particle can be writ- dz coi 4 aljzj:l’#icejt dr

e aiCar" (i Car (@Car/dn)
5 fi NN o )
Yit = Yeir | 1 - (—) } 7) +aij) i1, j£ibiiCet ~(dCeit/dD)

(Cgiiti + aiiZjvzlj;ﬂCejt)z
The differential mass balance over the system by equating ) i
the decrease in adsorbate concentration in the solution with!" the above equation, the concentratidiig; can be ex-

the accumulation of the adsorbate in the adsorbent can bePr€ssed in its non-dimensional form by dividing and multi-
written as plying by Cy; in the right-hand side dEq. (14) Therefore,

Eqg. (14)can be expressed in terms @f; as

N'(t) = -V <%> =W <d_1?'t) (8)
nee dr ) — dr dYeit @b + bi)Co P ORI de,

. : o = " bii i bij -bij
The dimensionless terms are used for simplification as fol- d7  cBicshi + aijzyzl,#iCo}C;t] de

lows: i COHbi CDHbi gy, i cbii=1 g i)
L= ﬂ ri = & Bi;, = @ +aij2§~v:1,j¢ibij Cg'j'- C;-?”*l(dczjt/dr))
Coi’ R’ Dy, B bil b N Bi] D]
I;V Ceit » Dot (CO;'IC;H“ +aiiZj=lj7éiC0j C;’t )2
Chi=——, Ci=—2 and t=—"- (15)
VCo; Coi R?
Combining Egs. (4) and (5)the following expression is ~ NOW, Cg, can be expressed in terms Of; andr; using
obtained: Eq. (9) Similarly dCj,/dr can be expressed in terms of
Bi.(1— r))C* dC;;/dr, dr;/dr andr; usingEq. (10)
= e — o1 (CEL ) (9) Therefore, usinggs. (9) and (1Q)Eq. (15)can be written
[ri +Bi;(1—r)] as
Differentiating the above equation with respect tthe time dYeit . (dCi dr o 16
variation of C%, is obtained: dr Jui dr > dr (it (16)
dcy, Bi;(1—r;) dC; Bi;C;; dr; Eq. (16) can be substituted ifEq. (13) and the resultant
dr [ri + Bi;(L—r)] dr  [r; +Bi;(1—rp]2 dr equation after simplification gives the governing equation
(10) for variation of bulk concentration ath species ;) with

time as expressed in the following form:
The equilibrium relationships can be presented as

dCﬁ _ f ) dri % )
Yeit = £2i(Ce1r, Cezr - - - Cent) (12) dr | — 2i dr’ i Ti

where gy; is any equilibrium relationship as given in The derivative @;/dt can be expressed as a function of
Egs. (1)—(3) Ci andr;, usingEq. (9) and the equilibrium relationship,
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Eqg. (11)(as Freundlich isotherm is considered in this case, and

Eqg. (11)should be replaced biq. (3).

Therefore, the governing equation of the concentration Ye2 =

profile forith species, can be expressed as

ACiY _ poon
(dr)—f?)l( itarl)

Using Eq. (12)and the equilibrium relationshifgq. (11)
variation ofr; with time is given by

dr;
<d ) f4z(C|t’ ri)

Egs. (17) and (18)epresent R coupled ordinary differen-
tial equations l equations for @7;/dr andN equations for
dr;/dr as the number of spemesl\t)

(17)

(18)

The initial conditions that can be used to solve
Egs. (17) and (18pre, C;; = 1.0 andr; = 1.0 at time,
T =0.0.

2.2. Case study for a binary system

For N = 2, the system is binary, i.e. there are two com-
ponents in the liquid phase. The equilibrium relationship is

given as
y @ Cb1+b11 (192)
yp=——¢& a
Tl anCly
and
bo+b22
2C,
Yoo = o2 (19b)
CF +anCy
Using Eqg. (9)we can write
Bi1(1— rl)CL
*, = . = Ci,r 20
e = [ 5 Bl — r1)] 811(Cy,. r1) (20)
and
Biox(1 — r2)C%
o 2 = £12(C3., 12) (21)

2 = [r2+ Big(1— rp)]

Using Eq. (10) the time derivative of equilibrium concen-
trations are obtained as follows:

dc: dc; . dn

d:b = a11(r1) drlt — B1(Cy,, Vl)d— (22a)
and
dCgy dcs, " drp

= = a12(r2) I —ﬁlz(Cz,,rl)d— (22b)

wherea11, a12, B11, B12 are given inAppendix A
In terms of non-dimensional concentratioigys. (19a)
and (19b)can be expressed as

mllc*nll

ma1C bll—l—m C*blz

Yer = (23a)

m12C*n22

2C *b22 +ms C*b21

(23b)

where,my 1, Mp1, My2, M2, M1, M32, N11, N2 are given in
Appendix A

Substituting, expressions 6f,, andCg,, from Egs. (20)
and (21)in Egs. (23a) and (23b)e; can be expressed in
terms ofCj,, C5,, r1 andr; as

nii
mii18
You = b = 51(C1, C3,. 11, 72) (24a)
m21811 + M318137
and
n22
leg
Yoo = 12 by = 52(Cy;, Cy, 11, 72) (24Db)

m22812 + mBZgll

Differentiating Eqgs. (24a) and (24band usingEgs. (20),
(21), (22a) and (22h}he time derivatives oW1, and Yex
are obtained as follows:

dz—ih = hllalldgjt - h12a12d§: —h ,311dL

+ hlZﬂlZdL (25a)
and
dgiz = —h210111ddci + hzzalzd;:* + hzlﬂlldL

- h22,312(31L (25b)

whereai1, @12, B11, B12, h11, h12, hp1 and hyo are given in
Appendix A

From Eq. (12) the rate of shrinkage of the adsorbate
particle due to both the species is written as

dr1\ _ —Bi1(Co1/pYer)(Cy, — Coy) (26a)
de ) — r1?

dr2\ _ —Bi2Dp2(Co2/pYe2)(C5, — Cey) (26b)
dr ) Dp1r22

Using Egs. (20), (21), (23a) and (23b¥Z,. Ciy Yer
and Yez can be expressed in terms 6f,, C5,, 1, r2 and
Egs. (26a) and (26km)an be expressed as

dr

(d—:) = d11(C3,, C5,, 11, 12) (27a)
dry .
i d22(C3,, C5,, 11, 12) (27b)

Using Eq. (13) following two governing equations of bulk
concentrations are obtained:

dcs dcs
X11 I _x 2 2 _ Z11 (28a)
dr dr
dcs dcs
—Xp1— 2 Xpp—2 = 7 (28b)
dr dr
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where X11, X12, X1, Xo2, Z11, and Zp» are presented in
Appendix A
Egs. (28a) and (28man be simplified as

dc* Z11X Z22X
n_ 1 22+ Z22X12 (29a)
dr X11X22 — X12X21
dc* Z11X Zo2X
L _ 411422 + Z£22X12 (29b)
dr X11X20 — X12X21

The four equations, namel§gqgs. (27a), (27b), (29a) and
(29b) are solved using fourth order Runge—Kutta method.
The initial conditions used ar€}, = C5, = 0.1 andry =

ro = 1.0 at time,r = 0. Since four parameters, i.e. the mass
transfer coefficientskfzand ko) and effective diffusivities
(Dp1 and Dpy) are unknown, they are determined by opti-
mizing the experimental concentration decay data of both

271

matching for both the components. For the system, PNP

and PCP on B10I activated carbon, the experimental data

on concentration decay has been considered for the follow-

ing conditions[1], Co1 = 10.2 mmol/l, Co2 = 2.12 mmol/I,

W/V =2.0gll, p = 2.05g/cn? and R = 0.66 mm. The es-

timated values of the parameters afe:= 21.3x 10~° m/s;

ki = 298 x 107°m/s; Dp1 = 6.4 x 10°°m?/s and

Dp2 = 7.2 x 1079m?/s. Fig. 1 shows the model fit of the

experimental data on the kinetics under above conditions.
Similarly, for the system DCP and DBS on B10Il ac-

tivated carbon, the experimental data on concentration

decay are considered for the following conditiofiy:

Co1r = 5.1mmol/l, Co2 = 5.0mmol/l, W/V = 2049/,

0 2.05g/cm andR = 0.66mm. The estimated val-

ues of the parameters aréi; 1196 x 10 °m/s;

kiz = 5.49 x 107°m/s; Dp1 = 177 x 10°9m?/s and

the components. The nonlinear parameter optimizat_ion tech-Dp2 — 0.081x 10~°m?/s. Fig. 2 shows the model fit of the
nique Levenberg—Marquardt has been used along with fourtheyherimental data on the kinetics under above conditions.

order Runge—Kutta method as ODEs solver for the param-

eter estimation. For this purpose, optimization subroutine
UNLSF/DUNLSF from IMSL math Library has been used.

3. Results and discussion

The theoretical model developed herein is applicable for
a solutions containing N number of solutes. However, the

Using the estimated parameters, a parametric study has
been carried out to observe the effects of the mass of adsor-
bent, adsorbent particle size, etc. on the bulk concentration
decay.

3.1. Parametric study

The various parameters that affect the adsorption kinetics

model is tested against a two component system. The binaryyre_the initial adsorbate concentration in liquid, the mass

systems considered are fiara-nitrophenol (component 1)
and para-chlorophenol (component 2) on B10Il activated
carbon and (ii) 2,4-dichloro phenol (component 1) and
dodecyl benzene sulfonic acid (component 2) on B10ll ac-
tivated carborjl]. Both of these systems follow Freundlich

of adsorbent, the particle size of adsorbent, the volume of
the adsorbate solution, etc.

3.1.1. Effect of initial adsorbate concentration
The effects of the initial adsorbate concentrations on the

type isotherms. The experimental data on kinetics and thepy|k concentration profiles of both the solutes are presented

isotherm constants have been reported in literaflyEs].
The values of the isotherm constants are presenteatile 1
Using the nonlinear optimization technique, four unknown

in Fig. 3. In Fig. 3, the initial concentrations of both the so-
lutes are taken as 10 mmol/l in first case (curves 1 and 3) and
in the second case both the concentrations are considered

process parameters, namely, the external mass transfer coren times less, i.e. 1 mmol/l (curves 2 and 4). Two trends

efficients for both the componentks( andks) and the ef-
fective diffusivities of the components in the adsorb@(
andDpy) are estimated after the concentration decay profile

Table 1
Isotherm constants for different componefity

Sl. no. 1 2
Activated carbon B10I B1Oll
Solutes PNP(1)/PCP(2) DCP(1)/DBS(2)
al 3.25 3.86
bl 0.13 0.12
b1l 0.96 0.39
al2 0.29 0.23
b12 1.00 0.60
a2 3.10 1.08
b2 0.15 0.06
b22 0.90 0.24
a2l 1.90 0.70
b21 0.93 0.41

are observed from this figure. First, DCP is adsorbed more
in both the levels of the initial concentrations. Second, with
decrease in the initial concentrations, the adsorption of the
solutes increases. It is clear from the figure that at any point
of time, the concentration of DCP in the bulk liquid is less
than that of DBS. Therefore, DCP is adsorbed more on acti-
vated carbon due to interactions and competitions with DBS.
With the decrease in initial adsorbate concentration in the
solution, the rate of concentration decay in the liquid phase
increases resulting in an increase in the adsorption rate.

3.1.2. Effect of the ratio of the mass of adsorbent to the
solution volume

Fig. 4 shows the effects of mass of adsorbent to the solu-
tion volume ratio on the concentration decay in liquid phase
for both the species. In one case (curves 1 and 3)Ihg
ratio is taken as 1g/l and in the other one (curves 2 and
4), the W/ V ratio is taken five times, i.e. 5g/l. In both the
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= PNP(C1)
o PCP(C2)
W/V=2 gml/lit

C_,=10.1 mmolfit
C_,=2.12 mmol/lit
R =0.62 mm

50

100
Time (min)

200

Fig. 1. Bulk concentration profile of PNP and PCP on B10Il activated carbon.

cases, it may be observed the bulk concentration decay ofdifferent external mass transfer coefficient values, the model
DCP is more rapid compared to that of DBS, i.e. DCP is is simulated to observe the effect of Biot number on the
adsorbed more on the activated carbon as observed earlieconcentration decay. This is shown fig. 5 The figure

With the increase in mass of adsorbent, the concentrationshows that for a particular component, the rate of con-
decay of a particular component is sharper. This is due to centration decay increases with Biot number. This simply
the fact that with increase in adsorbent amount, the adsorp-signifies that the external mass transfer resistance decreases
tion sites increase leading to a rapid decrease in the liquidwith increase in the film mass transfer coefficient (in this
case, Biot numbers are varied by changing the film mass
transfer coefficient only, keeping the effective diffusivity

phase concentration.

3.1.3. Effect of the Biot number (Bi)

ki, Dp, R, or their combinations can change the Biot
number for a system. With constabt, and R values, for

Non-dimensional Concentration

1.0

0.8

0.6

0.4

0.2

and the particle radius values constant) and therefore more

solutes are available to the potent sites of the adsorbent
for adsorption. This leads to a decrease in the bulk solute

° C2
° °
v DCP(C1)
e DBS(C2)

C_,=5.1 mmol/lit
C_,=5.0 mmol/lit
W/V=2 gm/lit, R=0.66mm

200

400
Time (min)

600

800

Fig. 2. Bulk concentration profile of DCP and DBS on B10ll activated carbon.
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Adsorption DCP (1) and DBS (2) on B10 Il activated carbon
1.C_,=10mmol/lit

10 k

0.8
2:C,,=1mmol/lit

0.6

3:C,,=10mmol/lit
0.4 |

0.2 -

Non-dimensional Concentration

4:C01:1mmoI/Iit

0.0 L 1 L 1 L 1 L I L
0 200 400 600 800 1000

Time (min)

Fig. 3. Effect of initial adsorbate concentration on concentration decay.

concentration with the Biot number. It is also interesting to external energy leading to increase in the Biot number (or
note that the bulk concentration decay profiles remain al- increase in the film mass transfer coefficient) will not result
most unaltered for both the solutes at higher Biot numbers. a significant improvement of the adsorption of the species.
For DBS, Biot number beyond 224 and for DCP, Biot hum-

ber beyond 22 are not going to improve the adsorption of 3.1.4. Effect adsorbent particle size

these solutes because beyond the above values of Biot num- The effects of the adsorbent particle size on the concen-
bers, the concentration profiles remain almost unchanged.tration decay curves are shownkhiyg. 6. It may be observed
This indicates that there exists a critical external energy from this figure that the concentration decay curve is sharper
requirement, which causes turbulence (either by stirring or for lower particle diameter. This indicates the rate of adsorp-
imposing flow in the system and thereby increasing the film tion increases with the decrease of the adsorbent particle
mass transfer coefficient) corresponding to which a critical size. With smaller particle size, the surface area available
Biot number for the system is obtained. Further increase inis more for constant mass of adsorbent. Therefore, the

12

Adsorption of DCP(1) and DBS(2) on B 10 Il activated carbon

1:W/V=1gml/lit

1.0
NTT—— &

0.8

2:W/V=5gml/lit

0.6

3:W/IV=1gm/lit

0.4 -

0.2 -

Non-dimensional Concentration

4:W/V=5gm/lit

0.0 1 1 1 1 1 I 1
0 200 400 600 800

Time (min)

Fig. 4. Effect of the adsorbent mass to volume ratio on concentration decay.
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Adsorption of DCP(1) and DBS(2) on B10 Il activated Carbon

Bi,=4.4 & Bi,=44.8
******** Bi,=22.2 & Bi,=224.0

- Bi,=89.0 & Bi,=896.2
— Bi,=356.0 & Bi,=3585.0

0 200 400 600 800 1000

Time (min)

Fig. 5. Effect of Biot number on concentration decay.

| Adsorption of DCP(1) and DBS(2) on B 10 Il activated carbon

C2 1:R=1.0 mm

C
2 2:R=0.5 mm

3:R=1.0 mm

0 200 400 600 800 1000

Time (min)

Fig. 6. Effect of adsorbent particle size on concentration decay.

adsorption front progresses rapidly with smaller particle successfully tested with the literature data. The model can

size of adsorbent.

4, Conclusion

be used for a wider range of initial adsorbate concentrations
with all possible types of isotherms. The rate of adsorp-
tion increases with decrease in initial adsorbate concentra-
tion, increase in mass of adsorbent, decrease in adsorbent
particle size. The model is useful to estimd¢eand Dy

The pore diffusion model based on shrinking core for- values, which are required for the design of fixed bed
mulation is developed for a multi component system and adsorber.
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Appendix A

The terms inEgs. (22a) and (22kgre

Bi1(1—r1) Bizx(1 — r2)
Mo BiA—r] T [t Bl -]
Bi1CY,
= [r1+ Bi1(1—rp]?
and
P12 Bi2Co

T [r2+ Bzl — )P
The terms inEgs. (23a) and (23kgre

b1+b b
min=arCoy %, nu=bi+bu,  ma=Cy,
b
m31 = a12Cyy
bo+b b
mip=apCy5 %%, napp=ba+br,  map=Cy,

5
m32 = a21Cof

The terms inEgs. (25a) and (25k@re

q11 q12
P11811 P14811
h11= b11 b1 b11 b12y2’
P12811 + P13813 (p12g171 + P1381%)
where
bi+b b
pur=ai(br+b1)Coi  H, p12 = Cof's
b b1+2b
p13=a12Co3’, pra=aibpnCpy

quu=>bi1+bin—1 and qio=0b1+2b11-1

q13 414
hip= P15811 812
= b b
(p12817 + P13815)?
where
b1+b1g b
p15=a1a12b12C;  HCoY, q13 = b1 + b1,
qua=b12—1
q13 {424
hoyy = P25812 811
= b b
(p21815 + P23g17)?
where
botbo b
P25 = a2a21b21C0§ ZZCO?Ll, qo4 = b1 — 1,
b
p21= C0222
b
p23 = a21Cg5
q22 q21
oo — P2281> _ P24812
22= b1 ba1 b1 bo1\2’
p21815 + P23g11  (P21815 + P23g1%)
where
bo+b bo+2b
p2=az(b2 +b22)Co5 2, paa=azbnCyl 7%,

qui=bx+bpp—1 and g1 =0br+2bpp—1

The terms inEgs. (28a) and (28kgre
X11 =1+ Chy(1 - rd)hpienn

X12 = Chy(1 — r)h1oa12

Z11=[Chy(1 — r))h11p11 + 3Chy Yeyrfldn
— Chy(1— rd)h12Br2da2
X1 = Chp(1 — r3)hpre11

X22 = 14 Chp(1 — r3)hapazs

Z22=[Cho(1 — r3)haoB12 + 3ChaYer3)dos
— Cha(1 — r3)ho1f11d11
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